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The density matrix of a two-anyon system is evaluated and used to investigate the "statistical 
interparticle potential" following the theory of Uhlenbeck. The main purpose is to see 
how the statistical potential will depend on the fractional statistical parameter a. The 
result shows that the statistical potential for a two-anyon system with a > | is always 
repulsive. For the system with < a < |, the potential is repulsive at short distances and 
becomes attractive at long distances. It remains only in the boson system (a = 0) that 
the repulsive potential arising from the exclusion principle can disappear and lead to an 
attractive potential at all distances. 
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In recent years, "anyons" which are considered to obey "fractional" statistics [1,2] have 
been a subject of intense study. Anyons have found applications in the fields of the fractional 
quantized Hall effect [3] and high-temperature superconductivity [4] . Most studies have been 
done in the context of many-body quantum mechanics. In a recent paper [5], Wu derived 
the occupation-number distribution function of the anyon gas to formulate the theory of 
quantum statistical mechanics [6,7]. He found the equation of state for the any on gas in 
the Boltzmann limit, 

PV = NkT[l + (2a- l)n\ 2 /W],. (1) 

where A = \J 2nTi 2 / mhT is the thermal wavelength. In Eq. (1), the effective "statistical 
interactions" are attractive if a < |, but repulsive if a > \. As this may lead to an impression 
that the "statistical interparticle potential" introduced by Uhlenbeck [8] is attractive for the 
anyon with a < \ and repulsive for a > |, we present this paper to show that this is not 
correct. 

Our result shows that the statistical potential for the two-anyon system with a > \ is 
always repulsive which agrees with Wu's result. But, for the system with < a < |, the 
potential which appears repulsive at short distance will become attractive at long distances. 
Only in the boson system (a = |) can the repulsive potential arising from the exclusion 
principle totally vanish and thus the statistical potential becomes attractive at all distances. 
Notice that this does not mean that our result is in contradiction to that in Eq. (1). The 
reason is that Eq. (1) is the result from the statistical average of the N- anyon system, while 
our analysis is only for the two-anyon system and has not yet taken the statistical ensemble 
average into account. 

Following Uhlenbeck's prescription, we first calculate the diagonal elements of the Boltz- 
mann factor matrix for the system of two-anyon gases. Using the wave function of the 
two-anyon system [1,9] we have 

< R,r,0\e- pH \R,r,9 >= J2 I d ^ dk < R,r,6\exp[-[3(K 2 +k 2 )h 2 /m]\R,r,9 > 

ell J 

J dKexp{-pK 2 h 2 /m)Y, J dkexp{- f3k 2 )h 2 / m) J 2 i+a \(kr) (2) 



2 

m 



Y,exp(-mr 2 /2[3h 2 )I le+al (mr 2 /2f3h 2 ), (3) 



where R and K denote the center-of-mass coordinate and momentum, (r, 0) the relative 
coordinate, and (k, £) the relative linear momentum and angular momentum, respectively. 
Without losing generality we will take the angular momentum £ to be even hereafter, and 
thus a = corresponds to the boson gas and a = 1 the fermion one [1,9]. All the formulas 
used to perform the evaluations in this paper can be found in Ref. 10. 
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Under this convention, we can write Eq. (3) in the following form: 

< R,r,e\e-^ H \R,r,6 >= ^Y, ex P(-^r 2 /X 2 )I\i +a \(7rr 2 /X 2 ), 



(4) 



where V denotes the two-dimensional volume. Then, following the theory of Uhlenbeck [8] , 
we define the summation term in the above equation as exp(—/3v s ), where v s , is the so called 
"statistical interaction potential," i.e., 



(5v s = —In 



2 ]T exp(-irr 2 /X 2 )I le+al (nr 2 /X 2 



(5) 



For the cases of boson (a = 0) and fennion (a = 1) the above equation can be calculated 
exactly and we recover Uhlenbeck's result, f3v s = —ln[l ± exp(— 2nr 2 /X 2 )}. This potential 
reveals an interesting statistical behavior: the negative statistical potential in the boson gas 
will lead them to bunch together; on the other hand, the positive statistical potential in the 
fermion gas tends to push them from each other. 

For the two-anyon system which obeys fractional statistics, i.e., a is not an integer, Eq. 
(5) cannot be reduced to any simple form and we present in Fig. 1 the numerical result of 
"statistical interaction potential" for a =0, 0.1, 0.2,0.5, and I. To confirm our results we 
will analyze the asymptotic behaviors of the summation term in Eq. (5). 




Figure 1. Statistical interparticle potential f3v s (r/X) between a pair of anyons with statistical 
parameter a. The value around a curve denotes the value of a associated with it. 



Let us first consider the case of small relative distance. For small r, we can approximate the 
summation term as 

oo oo 
n=— oo n=— oo 

» [r(|a + l|)]- 1 (2^) a + [r(3 - a)]-\2z) 2 - a e-\ 
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where z = 7tr 2 /\ 2 . This leads to the following statistical potential at small r [10]. 



(3v s 



-ln[2(7ir 2 /2\ 2 ) a /T(a + 1)]. as r « A, a>0 
-ln(2 -2nr 2 /2\ 2 ). as r « A, a = 0. 



(6) 



Equation (6) shows that all the fractional statistical anyon as well as the fermion gas have 
the repulsive potential at the short distance. Only the boson gas has the attractive potential 
at the short distance. 

Next, we consider the case of large relative distance r. Using the integral representation 
of the modified Bessel function and Euler-MacLaurin integration formula [10], we obtain the 
asymptotic form: 

CO oo oo 

I \2n+a\(z) = hn+aiz) + hn-a(z) 



n=0 



n=l 



1 f n 

= — d(f)e 
ix Jo 

/ dte- zcotht 

7T JO 

« [ W d<f)e zc 
Jo 



cos(2n + a)(j> + cos{2n — a)<p 



n=0 n=l 

oo oo 

J2 e- {2n+a)t sin(2n + a)<f> + ]T e^ 2n+a)t sin(2n - a)<j> 

n=0 n=l 

"j /"CO 



e ia<p + e ia<), )[5(2<j)) + 5(20 - 2tt)] - 
1 
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e l (l + e 2t cosa-K) + 



2~ K ~ ' ' ix\p2z 

Thus the statistical potential can be found as 



asmaz cosair 

7T 



(cosan)exp(- 2-nr 2 /\ 2 ). as r » A, a 7^ | 
[(27r) 3 / 2 (r/A)]- 1 ea;p(-27rr 2 /A 2 ). as r » A, a = \. 



(7) 



This result shows that the anyons with statistical parameter a < | can exhibit a tendency 
to bunch together, if the relative distance between two anyons is large. On the other hand, 
the anyons with statistical parameter a > | will exhibit a tendency of exclusiving each other 
at all distances. In all cases, the statistical interparticle potential vanishes exponentially as 
r becomes larger than the thermal wavelength A, and the semion (a — \ ) has the shortest 
range of statistical potential as can be seen from Eq. (7). 

In conclusion, we find that the anyons with statistical parameter a > \ will have positive 
statistical interparticle potential for all distances. However, for the anyons with < a < |, 
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the statistical interparticle potential is repulsive at short distance and becomes attractive at 
large distances. It remains only in the boson system (a = |) that the repulsive potential 
arising from the exclusion principle vanishes and the statis- tical potential is attractive at 
all distances. 
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